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INTRODUCTION

The Yang-Baxter equation (Yang, 1967; Baxter,
1972) is one of the most valuable concepts in modern
theoretical physics (Baxter, 1982). The importance of
detailed study of Yang-Baxter equation solutions is
due to its key role in constant solution models of sta-
tistics mechanics (Baxter, 1972; 1982) and field the-
ory in lower dimensions (Yang, 1967), conformal
field theory (Di Francesco et al., 1997) and in quan-
tum integrable systems (Faddeev et al., 1990). From
the group-theoretical viewpoint, when classical
Y ang-Baxter equation is closely connected with clas-
sical (semi-simple) group theory, the quantum
Yang-Baxter equation is the basis of modern quantum
group theory (Drinfeld, 1987; Shnider and Sternberg,
1993; Demidov, 1998; Chari and Pressley, 1996).
There exist a constant, one-parameter and dou-
ble-parameter forms of the quantum Yang-Baxter
equation (Lambe and Radford, 1997). The corre-
sponding constant (and commutative) solutions to the
Yang-Baxter equation (Hietarinta, 1992) are used in
evolution of non-linear equation quantization, quan-
tum group theory (Etingof et al., 1997; 1999; Lu et al.,
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2000; Gu, 1997) and knot theory (Kauffman, 1991;
Turaev, 1994). The solution of the quantum
Yang-Baxter equation is R-matrix (Kassel, 1995;
Majid, 1995) [corresponding to the transfer-matrix in
the lattice statistical models (Baxter, 1982)].

Recently the unitary Yang-Baxter equation so-
lutions found an application in quantum calculations
(Holievo, 2002; Kitajev et al., 1999), while unitary
R-matrix of a special type, acting on quantum state of
two qubits, according to Brylinskis’ theorem (Brylin-
ski and Brylinski, 1994) can be treated as the uni-
versal quantum gate (Kauffman and Lomonaco, 2004;
Zhang et al., 2005; Dye, 2003; Duplij et al., 2005).

The generalization of inverse quantum scattering
method on supersymmetric systems (Khoroshkin and
Tolstoy, 1991) and corresponding R-matrices were
considered in (Chang et al., 1992; Zhang and Gould,
1991). The building of supersymmetric analogues of
the given constructions demands thorough consid-
eration of Yang-Baxter equation solutions over the
Grassmann algebra.

The constant Yang-Baxter equation solutions for
the case of 6 vertices used for the description of the
two-parameter quantum plane (Manin, 1989) and the
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quantum gates of special type were considered in this
work (Chang et al., 1992; Zhang and Gould, 1991;
Manin, 1989). Classification of general solutions is
made and some particular cases are considered. In
contrast to the standard case, when the R-matrix over
the standard number field (for example, R, C) can
have not more than 5 non-zero elements (Hietarinta,
1992; 1993) (actually 5-vertex solution), in our case
(over the Grassmann algebra), all 6 elements can be
non-zero. Thus, a new type of solution appears, which
is absent in standard case (Hietarinta, 1992; 1993), is
really complete 6-vertex solution. In the conclusion,
the solutions leading to regular R-matrices appearing
in weak Hopf algebras (Li and Duplij, 2002; Duplij
and Li, 2001a) are considered.

YANG-BAXTER EQUATION
MANN ALGEBRA

OVER GRASS-

Let V be a vector space, then on the tensor
product ¥®" we define a linear operator R:V®"— V="
in the following way. Let {e;} be a basis in V. Then
we assign to the operator R a numerical matrix R with
n index pairs

Re,®-®e )=R, , (¢, ®-®e,), (I

where over repeated indices summation is supposed.
Consider n-simplex equation over the tensor product

DRl \where the linear operators R act trivially,

for example, R,(e, ®e, ®e, )= i (¢, ®e, Re, ).

In the general case with K. {1,---,N}, N=n(n+1)/2,
the R operators are:

N
T — KUK, Jk
(RKIv__K,I)il---iN =T i, H 51‘,( > (2)
k=1, k=K, Vo
where 77 " is the matrix element of R-matrix. For
1

example, 2-simplex constant equation is defined by
Eq.(3)

R12R13R23 = R23R13R12’ (3)

and is called Yang-Baxter equation (Baxter, 1982;

Lambe and Radford, 1997), and 3-simplex equation
below

Rl 23 R145 R246 R356 = R356R246 Rl 45 Rl 23> (4)

is called tetrahedron equation in (Hietarinta, 1997)
and 4-simplex equations was considered

R1234R1567R2589R3680R4790 = R4790R3680R2589R1567R1234 N
)

In terms of multiindex matrices, defined in Eq.(2),
operator Eqs.(3)~(5) are as follows:

ks kls b _ kb bk bb 1
23 Jiks kiky — Ui ki js kyks 2 (6 )
kskske kokals kilals hbls — _  kikaoks hkyks bliks . blsls
Jadsie  iadaks " iikaks  Thkikyks Jiads Thuads  Tkaky s kskske
6.2)
kgler ko lskghkslo Jeokeslgly kylslely hbhly
AP PR r.-. r. =
JaJ1J9Jo JaJsJsko JaJsksky Jikskeks kkyksky (6 3)
hoksks kskeky  blskgko Hlelsko Ll :
Jadsda Tkisisdr  Tkoksjsie  “kskeksjo " kakokoko

General formulation of similar (n-simplex) equations
was given in (Carter and Saito, 1996), and permuta-
tion equations were studied in (Hietarinta, 1993;
1997).

Here we will consider constant solutions for
2-simplex Eq.(6.1) (Yang-Baxter equation) over
Grassmann algebra, being a particular case of a su-
peralgebra (Berezin, 1983; Kac, 1977), which is an
important step on the way of consistent supersym-
metric generalization of Yang-Baxter equation and its
constant solutions (Khoroshkin and Tolstoy, 1991;
Zhang, 1991; Links et al., 1994).

Let 4 be a commutative superalgebra over a
field K (where K=R, C) with the dissociation on the

direct sum A =A; @ A; (Berezin, 1983; Kac, 1977).

Elements a from A; and A; are homogeneous with

def __ _
regard to parity p(a)={i €{0, 1}=2,| ac A-}.
Supercommutator is  defined as [a,b]=ab—
(—1Y“%®pg In the particular case 4, is the Grass-
mann algebra with the element &, -+, &,, which satis-
fies &&+&i&=0, 1<i, j<n, in particular é‘,»z=0 (n can be
infinite). Superalgebra structure in 4,,is defined by the
fact that parity of the element is considered equal to

p(E)=1 (Leites, 1980). Then even xe A; and odd
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¥ €/; elements of Grassmann algebra can be ex-

panded into the series (which is finite under finite
number of elements &;)

X = X, T X =X X588, + X368+

= xnumb + xi,.“iz,, éi, o 'é:iz,_ s (71)
X=X T X6 T X8, + 0+ X688+
=Xy §i1 o 'giz,,l > (7-2)

where x, , €K. The mapping ¢, discarding odd ele-

ments, is called numerical mapping (Manin, 1984; De
Witt, 1992) [canonical projection (Leites, 1983),
body map (Rogers, 1980; Rabin, 1987; 1991)] and it
acts on the elements in Eq.(7) as &(x)=

Xz 0= Xoumps €(X) = X |:20=0. From Eq.(7) it fol-

lows that, for example, the equations x°=0, yx=0 and
xx'=0 can have non-zero and non-trivial solutions
(zero divisors and nilpotents), which can essentially
extend the number of solutions for different equations
including the Yang-Baxter equation. For example, in
A4 even non-zero nilpotents x’=0 satisfy

Xo = 0, Xp5X5, — X3, +X,,%,; =0, (®)

and for component non-zero zero dividers yx=0, we
get

x, =0,

Xy Xy; = Xy Xp3 + X3, = 0,

XXy = XXy + XX, = 0, ©)
XXy, =~ XX, + X, =0,

X)Xy = X3Xp, + X,%,; = 0.

For yy'=0 we get the conditions

xx;—x;x/ =0, 1,j=1,2,3,4 (10)
which shows that such odd objects in Eq.(7.2) are
nilpotents of the second nilpotency degree n°=0.

Let us consider R-matrix over even part of
Grassmann algebra, for example, with 4 elements, let
us write its dissociation onto numerical and nilpotent
parts

1067

R=R" +RVEE, + RVGE + RS, + RVEE +
RUEE + R¥EE + RWVEEEE, (11

the components of Yang-Baxter equation can be
represented in the following way

R, =R} +RYEE + RYEE + RYVGE, +
REVEE, + RIVEE, + REVES, + RYVESEL,,

Ry =RY +RYGE, + RS + RVES, +
REVEE + RIVEE + REVEE + RTVEEEL,,

Ry =Ry + R7EE, + RYEE + RYVES, +
RS + RS, + RVES, + RVESEL,
(12)

Substitute the given expressions into Eq.(3) and we
will get the system of equations for components

RORDRY - RORDRY, (3.1)
RORVRY + RVRSRY + RYRYRY
~ RORVRY + RORYRY + RURVRY,
a=12,13,14,23,24,34,
RORDRE - RORDRE + RORLRE +
RORZRLY ~ RORCORLY + RORSRLY +
RORVREY ~ RIRVRE + RIVRORE +
REPRVRL — RERVRE + RERVRY +
RORSRY - RIRCRY + RIVRRY +
RORIRY —REVRDRY + RERIVRY +
RORDRY™ + RORI™RY + RIPVRVRY +
~ RIPORURY + RURIVRY + RVRY RIS +
RORPREY - RORDRE + RORIRE +
RORRL — RORZIRY + RORIVRLY +
RORVREY - RVRVRS + RIVRVRE +
REPRURL ~REVRVRY + RERVRY +
RVRSORY — RUVRRY + RUVRERY +

(23) p(14) pO) _ p(2) p(13) pO) | pGH p(12) pO)
R23 R13 R12 _R23 R13 R12 +R23 R13 R12 s

(13.2)

(13.3)

where Eq.(13.1) represents the standard constant
Yang-Baxter equation for matrices over a numerical
field. All possible solutions of Eq.(13.1) were derived
in (Hietarinta, 1992; 1993). In general, using these
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solutions by means of Eq.(13), all corresponding
solutions classes over the Grassmann algebra can be
obtained.

In the particular case, when there exists the
symmetry

R(12) — R(13) — R(14) — R(23) — R(24) — R(34) — R(l),(14)

then Eq.(13) simplifies and is represented in the fol-
lowing way

RORY RS = RVRDRY.
RORYRY + RYRVRY + RYVRDRY
- RURVRY + RYRVRY + RYRVRY.
ARVRYRY + RYRYVRY + RVRYRY) +
RORY RS + ROREVRY + R RO RS
~ARURYRY + RYRVRY + RYRVRY)+

(1234) p(0) p(0) (0) p(1234) p(0) (0) p(0) p(1234)
R23 Rl3 RIZ +R23 Rl} RIZ +R23 Rl3 R]2 .

(15)

Thus, there are solutions, satisfying the given system,
but with non-zero nilpotent part.

From the formal point of view, purely nilpotent
solutions [not containing numerical parts in Eq.(11)]
exist with any number of Grassmann generators. For
cubic nilpotent equation to be different from zero, it is
necessary to have at least 6 generators of the Grass-
mann algebra. That is why for the number of gen-
erators less than 6 pure nilpotent solution [under
R=0] will be any matrix, as the equations for the
components of R-matrix are homogeneous of the third
degree.

If we consider R-matrix of the general type with
all non-zero elements, the Yang-Baxter equation
gives the system of 64 equations with 16 unknowns
(Hietarinta, 1997). Considering expansions over the
Grassmann algebra Eq.(11), the number of equations
and the number of variables grow essentially. That is
why we will consider only 6-vertex solutions.

NONINVERTIBLE SOLUTIONS OF SOME
EQUATIONS OVER GRASSMANN ALGEBRA

Let us consider the set of equations, which arise
in finding the matrix solutions of Yang-Baxter equa-
tion over the even part of Grassmann algebra

ax=0, (16)

abc=0, 17)
232

a=b". (18)

Consider the case when a is invertible. Then multi-
plying the left side of Eq.(16) by a ', we get the only
solution x=0. Analogous arguments are true for
Eq.(17) too. From Eq.(18) we write the equation onto
numerical parts a and b: a02= bo2 . From here it follows,
that @ and b are invertible and noninvertible simulta-
neously. That is why the solutions of this equation for
every value of the numerical part can differ in the
nilpotent part only. Let it be assumed that for every a

there exist two solutions b and b’ =b+b , where bis
nilpotent. Then b* =b> +2bb +5°, from which it
follows, that b 2b+ 5) =0 . The numerical part of the
expression in brackets equals 2by, i.e. it is invertible.

That is why b =0. Consequently, the solution of
Eq.(18) will be b==a.

Thus, new solutions can only exist in the class of
purely nilpotent a. That is why we will consider fur-
ther only nilpotent elements included into Eq.(16).

For Eq.(16) it will be further shown that for any a
we can construct x. Then for Eq.(17) the derived result
can be used by substitution into Eq.(16) a over ab, and
x over c. That is, for arbitrary ab we can construct c.

Eq.(18) by substitution a=etf, b=e—f can be
transformed into the type of Eq.(16): e¢f=0.

In Eq.(16) for every nilpotent ¢ we will find all
possible b. For the solution of Eq.(16) with a given a,
it is convenient to represent it in the form of products
sum of the Grassmann algebra generators with in-
vertible parameter. For further computations it will be
useful to write the solutions of Eq.(16) for some
character values of a.

Type 1: a is represented by one term

a=¢ & aa, #0.

As a is invertible, then Eq.(16) is equivalent to

the equation
g & x=0. (19)
For the solution of this equation, let us present x

in the form of the sum of all possible ordered products
of elements. Then in Eq.(19) the terms without &; will
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remain. As the product of generators included into x
are ordered, then under each product of generators in
Eq.(19) there will be only one numerical term. That is
why the general solution of Eq.(19) will be

n
X= Zéik Xi>
k=1

where X, are arbitrary, possibly invertible parameters
of the Grassmann algebra. Then it is necessary that x
contains at least one term included into ¢, ...¢, .

Type 2: variable a has the following presentation

azgil“.gilal+§jl.“§jma2’ (20)
There are sets of indices, which do not intersect
{ity- bt} N1, ofm}=D. Without loss of generality it
can be assumed that a,=1. Then x can be conveniently
presented in the form of two terms x=x;+x,.

In the first of them two terms &, ---&, x, =0 and

g, €, x, =0 vanish. Then using the result of the

previous case, we get

I m
= 22&# éjq Xpg>

p=lg=1

where x,,, are arbitrary elements.

The variable x, will be defined from the condi-
tion that x, is not zero, when at least one of the terms
in Eq.(20) does not vanish. For the sum to be nonzero,
as {i1,..., 0} N{j1,...Jm} =3, it is necessary for x, to be

x, =& .6 x,+& & x,, 21

where x3 and x, are arbitrary parameters which do not
§»»5 &8, . Then Eq(16) s

equivalent to the equation

contain

ax, +(-)"x, =0,

where &, &, a/=a&, ---&, and a does not con-

tain terms containing &; ,---,&; . Then

X, = (5/1 ”.gjm +é[1 ”'51‘, (_I)MIHal/)xT
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Type 3: a is presented in the form of two terms,
as in the previous case, except that sets of the indices
intersect {iy,...,i;}N{j1,...jm}#J. Therefore a can be
written in the following form

a :gi, "'51‘, (gjl “'gjmal +§k, "'gkﬂ )’ (22)

{il,. . .,il} N {jl,. . .zjm}:g, {il,. . .,i]} N {kl,. . .,kn}zg,

Jtoe oot N{k1,.. .k, }=2. Then parameter x can be

presented in the form of three terms
x=x1+txtx3,

(23)

In the first term &, ---&, vanishes, i.e.

51’, "'gi,xl =0.

Then using the result of the first case, we get

In the second term both terms in the bracket vanish
simultaneously, i.e. Eq.(22)

5/ .

8 x5, =08, -6, x,=0.
Then in analogy with the previous case
X = 225./; ékq qu .

p=lg=1

In the third term the multiplier in the bracket vanishes
as in the previous case. The type x; looks similar to
Eq.(21)

X3 zékl ”'ék"x4 +§/1 ”'éjmxp

where x4 and x5 do not contain éjl e -,éjm , &, ,---,ék" .

1

Then Eq.(16) is equivalent to the equation
ax, +(-1)"x, =0,

where & ---§, aj=a, ---£, and a does not have



1070

terms containing fkl ,---,fk” . Then, finally

X3 = (5/’1 " .gjm + 5[, ” 'gi, (_1)m1+1 a]’)x4'

Using the obtained results we can construct the
general type of solution for Eq.(16) under the given

type a

(24)

n
=S,
k=1
where o =&, -+-§, , i,-++,i, are in increasing order,

ay are invertible parameters not containing &, ---&, .

The general process of finding solutions is as follows:
let us present x in the form of the sum n+1 of terms,
where 7 is the number of terms in Eq.(24)

n
=Y.
i=0

Every x; vanishes simultaneously in the i terms in
Eq.(24), that such terms are chosen as any, i.e., each x;

n
1
is the sum x, = gxij , in each term of which vanishes
=1
some concrete selection Cj; from »n over i terms in
Eq.(24)

Vke C;, ax, =0, Eakxij =0.

keC;

(25)

Cases j=n and j=n—1 coincide, as all the sum
vanishes and the sum of n—1 of its terms also vanishes,
then nth term vanishes from each term.

The situation can be such that for some selection
Cjy, some terms will vanish in the sum in Eq.(25).
Then such case will become the case with greater i.
That is why it is necessary to begin with greater i in
the search for x. The same order of finding x is defined
by the way of finding the solutions for quotient types
a.

Thus, the given scheme allows getting all possi-
ble solutions of Eq.(16).

Consider the examples. Let us find some con-
crete even nilpotent equation solutions of Eq.(16)

Duplij et al. / J Zhejiang Univ SCI 2005 64(10):1065-1079

over Grassmann algebra with 2,3,4,5 elements.
Case 1: For elements of the type

a= a12€1§2’ b= b12€1€2’

Eq.(16) is satisfied Vaj,, by, as f,-2=0. Identical
situation is true for 3 elements

a= alzgléz + al3§l§3 + a23§253’
b= b,58, + 5,68, +b,,8.8,,

and all the coefficients are arbitrary.
Case 2: For elements of the type

a=a,§8, +a,88 +a,58, +a,8.8 +
a,, 6,8, + ay, &8, + a5, 66,88,

b= 0,58, +b:88, +5,68, +b,88 +
by &8, + 5,88, + 5,888,

Eq.(16) comes to the following expression for the
coefficients

a,by, — apbyy + ay by + ayby, — ayby; +ayb, =0,

but @34, b1234 remain undefined. Thus, the solution
will be 13-parametrical. Analogous situation exists
for 5 elements, then

a=a,éé, +a,88 +a,E8, +aé+
48,85 + 4,88, + a,.8,8, + a,, 8.8, +
358,85 + @,58,85 + 413,5,8,5:84s F 41355:6,6:85 +
1245616:848s + 4134561838485 + 023458,8:8,8s
b=b,58, +b:8& +b,88, +bE 8+
b, 6,8, +0,8,8, +5,6,8 +b,88, +
by &8s + b, 8,85 + 513, E6,6:8, +DuisE 888 +
b124561626485 + 13458163885 + 0,3458,8:8.8s.

Eq.(16) gives the system

apby, —a;3byy + aybyy + ayby —ayb; +ayb, =0,
alzbzs _a13b25 + alsbzs + a23b15 _azsbls + assblz =0,
a12b45 - a14b25 + a15b24 + a24b15 - a25b14 + a45b12 =0,
a13b45 _a14b35 + a15b34 + a34b15 _a35b14 + a45b13 =0,

y;bys — y,bys + aysby, + aybys —aysb,, + aysh,y = 0,
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where coefficients @234, @1235, 1245, A1345, A2345, D1234,
b1235, b1245, b1345, b2345 are undefined. The solution
will be 25-parametrical. It is easy to see that in the
case of 6 elements there will be equations on coeffi-
cients of the new type.

Thus, it can be assumed that the solutions of
Eq.(16) over Grassmann algebra with 2n and 2n+1
generators are defined by the same conditions.

Then we consider the Yang-Baxter equation
solution over Grassmann algebra.

CLASSIFICATION OF YANG-BAXTER EQUA-
TION SOLUTIONS WITH THE NUMBER OF
VERTICES, LESS OR EQUAL TO SIX

According to (Kassel, 1995), 6-vertex solution
for the Yang-Baxter equation is R-matrix of the type

(26)

where a, b, ¢, d, p, g are even elements of the
Grassmann algebra. From Yang-Baxter Eq.(3) it fol-
lows, that R-matrix is defined precisely up to a con-
stant (scale symmetry), so that it is always possible to
define the normalization of the element, whose nu-
merical part differs from zero. As it is unknown be-
forehand (before classification), which of the ele-
ments in Eq.(3) has non-zero numerical part, we are
not going to do the normalization Eq.(26).

From Eq.(2) and Eq.(3), the evident type of ma-
trix R12, R13, R23 leads to

p

p
c d
p
R_---Cn-dc
L A S
q
a b
q
p
c d
a b
q
R, =
p
c d
a b
q

27

Let us substitute Rj5, Rj3, Ry; into Eq.(6.1) and get
the following (essentially redefined) system of equa-
tions

cda =0, (28)

bda =0, (29)

da(d —a)=0, pd(d — p)+cbd =0, (30)
qd(d —q)+cbd =0,

pa(a— p)+cba=0, 31

qga(a—q)+cba=0.

Let us present all the parameters in the form of
sum of numerical part and even nilpotent part as
x=x,+X, where x=a,b,c,d,p,q . It is clear that

Eqs.(28)~(31) must be separately satisfied by the
numerical part, so that the classification will be done
according to it.

Because in Eq.(28) cda=0, it is convenient to
classify the solutions for the numerical part with
vanishing aq and d.

(1) Both ayp and d, differ from =zero: dj,
Clo;ﬁo—>b0:C():0, a0=d0, {po, qO}:{O, ao}, where {}
means the set of elements. Then for the numerical part
of R-matrix we derive 4-vertex solution
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b

0,1}
(32)

10,4}

where the last equivalency follows from the nor-
malization because a¢#0.

(2) One of the elements aq or dy differs from
Zero:

(a) a, =0,

d fdz
d, ¢O%{p0,q0}={?0i To'i'boco },

then for the numerical part of R-matrix we get
5-vertex solution

R(O):
d d?
7°i 70+boc0
¢, d, (33)
b, '
d d?
?(’i T"+boc0

() Or for d,=0,a,#0—>{p,,q,}=1{a,/2%

\a; /4+b,c,} , then again we get 5-vertex solution

R(O) —

2
a ,(l
?Oi TO‘*'boCo

. (34)

2

a
Y YN
2

(3) Both numerical parts of the elements a and d
equal zero: ag=dy=0—py, qo, by, co are any, and the
numerical part of R-matrix becomes diagonal
(4-vertex numerical solution)

(35)

Now let us continue the classification based on
nilpotent parts. Using the fact that the element is in-
vertible, if its numerical part differs from zero, we get
the final answer for the first case:

(1) a=d is any even invertible: b=c=0, {p, ¢}={0,
a}, then we have 2- and 4-vertex solutions

R=

{0,a} {0,1}

1 - |, (36)

{0,a} {0,1}
where the last equivalency is derived from Yang-Bax-
ter equation scale symmetry.

In the second case the invertibility d leads to the
vanishing of nilpotent parameter a from Eq.(28).
Then the remaining simplified system of Eqs.(30)~
(31) can be solved according to parameters p and g.
Equations on these parameters coincide

pr=pd-+bc, g*=qd+bc . (37)
If the quadratic equation discriminant has a nonzero
numerical part d02/4+bocoqé0, then the solution can be

written in the following way.
(2) Under a=0 we have:

(@) d}/4+byc, 20— {p,qy =d/2+~d* /4+bc,
then we get 5-vertex solution

2
ii d—+bc
27\ 4

. (38)

2
1i4fd—+bc
2 4

If the discriminant is equal to zero, i.e.,
do*/4+bocy=0, then Eq.(38) is useless, as it is impos-



Duplij et al. / J Zhejiang Univ SCI 2005 6A(10):1065-1079 1073

sible to find the square root from nilpotent expression.
Then from Eqgs.(28)~(31) and Eq.(37) it is seen that
the vanishing discriminant numerical part leads to
invertibility of parameters b, c, p, g. Suppose (using
scale symmetry) d=1. The equations on the remaining
nilpotent parts p and g are given as

=7 (39)

Then we get:

(b) do*/4+boyci=0—b, ¢, p, q is invertible and
Py=q=d,/2, c=(p°-1/4/b, bc,=-1/4, pi=
qo=1/2.

So we get again 5-vertex solution

1/2+p
(40)
1/24+¢

In this case we have the set of solutions in
comparison with the previous case due to nilpotency.
The main difference from the previous case Eq.(38) is
that the parameters p and ¢ are now connected by
Eq.(39) on nilpotent parts, which gives great freedom
in choosing their meanings.

(3) In the third case, when the numerical part has
a diagonal form, we can point out four sub-cases.

(@) po’—boce#0 or qo’—becit0—a=d=0, p,q,b.c
are any, then we get diagonal R-matrix (4-vertex
solution)

(41)

q

(b) poz—boc():O and qoz—boc():O. Suppose p=1,
then po” =qo"=boco=1,

ad=0, (42)
a a+£+£+££ =0, (43)
CO 0 bO CO

(44)

The numerical part of the parameter ¢ because of
¢o’=1 can have the meaning of +1. Consequently the
equations for the nilpotent part ¢ lead to two differ-

ent systems of equations

g, =+1—>ag=0,dg=0,
q, =-1—ala-—g)=0,d(d-g)=0.

(45)
(46)

We rewrite Eq.(46), using Egqs.(43)~(44), in
linear form over a and d as

q, = +1—>a(}~= 0,dj =0, ) } @)
q, = -1—>a(Gg-f)=0,d(Gg-f)=0.

0 cO

(©) po’—boce=0 and gy’ ~boco=0—py=q=bo=0,

co#0—c=1 and Eqgs.(42)~(44) have the following
form

ad =0,
a(p’ - pa—b)=0, d(p’ - pd —b)=0,
a(q2 —ga—>b)=0, d(q2 —qd —-b)=0.

(48)

(d) All numerical parts are equal to zero: py=
qO:b():C():Cl():d():O.

Eqs.(42)~(44) and Eq.(48) reveal that only in
Cases 3(b) and 3(c) we can expect full 6-vertex solu-
tions, which are absent in the classification (Hietarinta,
1993; 1997).

Now let us consider the concrete type of solu-
tions when the number of Grassmann algebra gen-
erators is 2, 3, and 4.

YANG-BAXTER EQUATION SOLUTION OVER
GRASSMANN ALGEBRA WITH TWO ELEM-
ENTS

We present the expansion of each element of
R-matrix Eq.(26) over 2 Grassmann generators as
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c=¢ + 0125152’ b=b,+ b12£1§2> d=d,+ dlzégza

P=pt p12€1§2’ q=4q,t+ ‘hzééza a=a,+ alzéér
(49)

Substitution of these equations into the system of
Eqgs.(28)~(31) yields the system of equations below

c,dya, =0, bdya, =0, dya,(d,—a,)=0, (50)
Pody(dy = py) + ¢obyd, =0, qody(dy —q,) + c,byd, =0,
Poty(ay = py) + ¢byay =0, gya,(a, —q,) + cobya, =0,
Codotyy + Coayd,, +dyayc, =0,

bydyay, + byayd,, +dyaghy, =0,

dyay(dy, = a,,) +d,y(d,
Podo(dyy = piy) + po(dy — po)d,, +

dy(dy = Py) iy + Cobyd,, +¢4d by, +bydyc;, =0,

—ay)ay, +a,(d, —a,)d,, =0,

904, (dy, —q1,) +q,(dy —q.)d,, +dy(dy —q,)q,, +
cbyd,, +¢ydyby, +bydycy, =0,
Do (@, — py) + polay — po)ay, +ag(a, — py)py, +
by, +cyanby, +byayc, =0,
9o (a, —q1,) +q,(a, — qo)a, +ay(a, —q,)q,, +
c,byay, +c,a,b, +byac, =0.

(51

Eq.(50) will be considered as the key ones. We
find the solutions for all non-zero elements ¢, b, d, p, q,
a as numerical and nilpotent parts do not vanish si-
multaneously, which essentially narrows the solutions
classes.

Case I: dy=0. Eqs.(50)~(51) have the following
form:

d, =0, pya,(a, - p,)+c,b,a, ZO,} (52.1)
qoa,(a, —q,) +c,bya, =0,

a;dlz =0, (52.2)

c,a,d,, =0, bya,d, =0, (52.3)

pgdlz —¢byd,, =0, quIZ —cbyd,, =0, (52.4)

Py (alz - plz) TP (ao ~— P )alz +a, (ao - po)plz +

cbyay, +coanhy, +bya,c, =0, (52.5)

G0 (@, —q,)) +q,(ay — q0)a, +ay(a, —qy)qy, +

cbya,, +c,a,b,, +bya,c,, =0. (52.6)

From Eq.(52.2) it follows, that a;=0 and

Duplij et al. / J Zhejiang Univ SCI 2005 64(10):1065-1079

dy=0, a,=0,
Pédm —¢bydy, = 0, qulz —¢byd,, =0, (53)
pgaIZ — ¢y, = 0, qgan — by, = 0.

From Eq.(53) it follows, that py*=g¢’=c,by (because of
the assumption, none of the 6 elements equals zero).
Insert the parameters po=qo=t, c)=r#0, then b0=t2/r, as
nilpotent parts are not defined from Eq.(53), insert 6
more parameters c;p=v, bio=w, di;=y, pi=I, q1.=m,
ap=n. The final solution will be an 8-parametric one

c=r+v&é&,,

b=rIr+wiE,, d=yé§152,} (54)
p=1t+Igs,,

g=t+mE&,, a=nEé,.

Let us write the resulting 6-vertex R-matrix

R =
562 0 0 0
r+v§1§2 y€1§2 0
nééz tz/r+w§1§2 0
0 t+méé,
t 0 0 O /I 0 0 O
0 r 0 0 0 v » O
= + . (55
00 7/r 0 0nw0§1€2()
00 O t 0 0 0 m

According to the classification of the previous section,
such solution refers to Case 3(b). Evidently, if we
considered R-matrix over numerical field, this solu-
tion would be 4-vertex, but not 6 (Hietarinta, 1997).
Under =0 we obtain 6-vertex R-matrix, in which only
1 element is invertible, that in our classification
corresponds to Case 3(c).

Case II: a¢=0. Eqs.(50)~(51) lead to the follow-
ing:

a, =0, (56.1)
Pody(dy = py) + cbyd,, = 0’} (56.2)
q,4,(d, —q,) +c,b,d, =0,

c,dya, =0, bd,a, =0, (56.3)
dla, =0, (56.4)
Podo(dy, = piy) + po(dy = po)d,, +dy(dy = py)
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X Py, +cbyd,, +cydyb, +b,dc,, =0, (56.5)
904,(d, —q1,) +q,(dy —q)d,, +dy(dy —q9)q,, +

c,b,d,, +c,dyb, +b,d,c,, =0, (56.6)

pgal2 —cobyay, =0, qgau —cybyay, =0. (56.7)

From Eq.(56.4) it follows, that dy=0, then Eq.(56)
becomes to Eq.(53) and the solutions coincide with
Case .

Case III: cy=b¢=0, dy=a,. Then Eqs.(50)~51) are
as follows:

¢ =0,5,=0, d,=a,, (57.1)

Pody(dy = py) =0, g,dy(dy —q,) =0, (57.2)

dya,c, =0, dyab, =0, (57.3)

dya,(d,, —a,)=0, (57.4)

Pody(dy, = py) + po(dy — py)d,, (57.5)
+d,(d, - p,)p, =0,

9odo(diy, = q1,) +qy(dy —q,)d,, (57.6)

+dy(dy —4,)9,, = 0.

Eq.(57.3) shows that a@=by=cy=dy=0, then the
coefficients Po, o, A12, b]z, C12, d]z, P12, 412 remain
undefined. The solution will also be 8-parametrical
Po=t, qo=r, an=l, byy=m, cio=n, di=k, piy=w, qin=s
and can be represented in the following form

t+wEE 0 0 0
rel O n&é&, k&é, 0
0 I6¢, m&é, 0
0 0 0 r+s&s,
t 000y (w0 00
|00 00|10 n k 055- (58)
0000 [0 I m o0
000 )00 0 s

This solution is 6-vertex R-matrix with 2 in-
vertible elements, which is not contained in the
Hietarinta classification (Hietarinta, 1992; 1993).

SOLUTIONS OF YANG-BAXTER EQUATIONS
OVER GRASSMAN ALGEBRA WITH THREE
GENERATORS

Let us write the expansion of each element of
R-matrix Eq.(26) over 3 generators as

€ =G+ &6y + 63685 + 63665,
b=by+b,88, + 5368 +b3808;,

d =d,+d,&¢, +d;68 +dyéds,
P = Do+ Pp&i&, + PiéiSs + Pn&iSs,
q = 4y + 91,68 + 436,85 + 426,55

a=a, +a,68, +a,;6,6; + ay6,8;.
(59)

Substituting Eq.(59) into Eqgs.(28)~(31) yields
the equations in the components

¢, dya, =0, bydya, =0, d,a,(d,—a,)=0, (60)
Pody(dy = py) + ¢obyd, =0,
9ody(dy = q,) + ¢obyd, = 0,
Podo(ay — py) + cobya, =0,
9odo(ay — qy) + ¢bya, =0,
Codoay, + Coayd,, +dyanc, =0, 61)
Codotys + Coaydyy + dyayc; =0,
Codyty + Colydy; +dyaycyy =0,
bydyay, +byayd,, +dyaghy, =0,
bydyays + byayd,; + dyayby; =0,

b0d0a23 + boa0d23 + d0a0b23 =0
dyay(d,, —a,)+d,(d,—ay)a, +a,(d, —ay)d,, =0,
dyay(d,; —ay;) +dy(d, —ay)a; + ay(d, —a,)d,; = 0,
dya,(dy, —ay)+d,(d,—ay)ay +a,(d, —a,)d,, = 0.
(62)
and
pOdO(dﬁ - p/;) +p(d, — po)dﬁ +d,(d, - po)p/; +
Cobod 5 + codyby +bydyc; = 0,
90dy(d, —q,)+q,(dy —q,)d, +d,(d, —q,)q, +
cbod, +cydyb, +bydyc, = 0,
Poy(as = ps)+ po(a, — pylas + ay(a, — py)ps +
cobyas +c,a,bs +bya,cs =0,
909 (ag - qg) +4, (ao - qo)ag +a, (ao - qo)qg +
c,bya, +cyab, +bya,c, =0,
0,y,0,e=12,13,23.

(63)
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In symmetric case, when components under 2
generators are equal in all elements aj,=a;;=as; etc.,
the system simplifies and comes to the case of 2
elements, as nilpotency index of non-numerical part
in both cases equals 2.

As for two Grassmann generators, Eq.(60) will
be clarifying, mark 3 cases.

Case I: dy=0, then the system has the form

d, =0,

Poa,(a, — p,) +c,bya, =0,

q,a,(a, — q,) +c,b,a, =0,

c,a,d,, =0, cya,d,; =0, cya,d,; =0,
bya,d,, =0, bya,d,; =0, bya,d,, =0,
ald, =0, a;d, =0, a;d,, =0,

pod,, —c,b,d,, =0, ped,s —c,byd,; =0,
pedy —c,byd,; =0, qod,, —c,byd,, =0,
qulz —¢ybyd,; =0, quzz —¢ybyd,y; = 0.

(64)

and
Pt (@, = p.)+ po(ay = pola, +ay(a, = py)p,
+c,bya, +cya,b, +basc, =0,
909 (aw - qw) +q,(a,—q, )ay/ +a,(a, —q, )qy/
+cbya, +ca0b, +byac, =0,

T,y =12,13,23. (65)

From Eq.(64) it follows, that a;=0, as we sup-
pose, that R-matrix contains 6 non-zero elements. The
system is as follows:

d,=0, a,=0,
ped,, —c,b,d,, =0, pid,—c,bydy; =0,
pidy, —c,byd,; =0,
qédl2 -c,byd, =0, qéd13 —c,byd;; =0,
q.d,, —c,b,d,; =0,

2 _ 2 _
Poliy _coboalz =0, Polis _Coboalz =0,

(66)

2 _
Doyy; — Cobyay; =0,

2 _ 2 _
9y _Coboalz =0, qy; _Coboam =0,

2 _
o y3 — Cobyay; = 0.

As di,, di3, dp; simultaneously cannot be equal to
zero (we suppose that all 6 elements of R-matrix do

not come to zero, including the complete element
d+0), then Eq.(66) shows that py’=go’=cob,. Insert
parameters po=qo=t, co=r, then b0=t2/r, and the
components di2, d13, dy3, aiz, a3, a3, 12, €13, €23, bia,
b13, ba3, p12, P13, P23, 412, 413, 23 Temain undefined, i.e.
the solutions will be 20-parametrical.

By analogy with expansion on 2 Grassmann
generators Case II coincides with Case I, and Case III
is obtained from Case I by putting cy=b;=0.

SOLUTIONS OF YANG-BAXTER EQUATION
OVER GRASSMANN ALGEBRA WITH FOUR
ELEMENTS

The classification of all solutions was obtained
earlier and Cases 1, 2(a), 3(a) require no further study,
as the solutions are given in evident form Eqs.(36),
(38), (40), (41) for any number of Grassmann algebra
generators. The remaining Cases 2(b), 3(b), 3(c), 3(d)
contain nilpotent equations. In the general case, for
nilpotents it is impossible to give concrete expres-
sions for their solutions. That is why these cases re-
quire further analysis.

As expressions of the third degree on Grassmann
algebra with four elements equal zero, Eqs.(28)~(31)
are simplified in the following way. Case 2(b) con-
tains the equation of the second degree that is why it
remains without changes

P=q. (67)

For Case 3(b) the system of Eqgs.(45)~(46) also
remains unchanged, but the expressions are changed

for f==b/b,—¢lc,.
In Case 3(c), Eq.(48) is quadratic, which is why
they do not change
ab=0, db=0, ad=0. (68)
In Case 3(d) all parameters p, g, a, b, ¢, d can be
arbitrary, even nilpotent.

For the solutions of these systems, let us write all
the parameters in the component form

= Y8+ EEEL,

i,j=1
i<j

(69)
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where x=a, b, c, d, p, q. Coordinate x;,34 can be arbi-
trary, as it cancels any such nilpotent. Then all the
components in the equation will be as follows

Case 2(b)

PiaPss T PuDos — PisPas = 92%3a + 41492 — 413924 (70)
The solution can be, for example, under p;,70

P = (_p14p23 T P3P T 4295 t 41493 — q13q24)/p12'
(71)

Case 3(b)

G120y = G1385s + G140 + @3y — @y y3 + 43401, =0,
Gy = 43y + 44dyy + 453d , — 4r4dys + G, dy, =0,
[2(a,q1, = a1375) + (G fis = 415./12)]ds4 =
[2(a, 91, = @4915) + (G2fra = Grafin)lar; =
(20,03 + (S — G fi)a, +
(20,05, + (@2 fos = Goafi2)a; =
(26,03 +(q.fs4 = GsaSi)a, =0,
[2(d,,qs = d13q,) + (@2 15 = 413.112))s =

[2(d,,qs = d,497) + (@ frs = du i )d,; —

[2d,,45 + (412 /o3 = @03 f12))dys +

[2d,,q3 +(12fo4 = G0 f12))y5 =

[2d,,4 + (42 f34 = @50112))dy, =0,

(@915 — 4397,y = (12414 = @14q1, )y —

(@955 = a1,y + (@050 — a50q1, )y +

(24,454 + (@345 + @4q73) = (44055 + a53q7))d,, =0,

here ¢’ =g in the case “+” and ¢’ =g — f in the case

“__»

Case 3(c)

—by,ay, + bya,, = byay; —byay, +bya; —bya, =0,
_b12d34 + b13d24 _b14d23 - b23d14 + b24d13 - b34d12 =0,
(a12b13 - a13b12)d24 - (a12b14 - a14b12)d23 -

(a12b23 - azablz)dm + (a12b24 - az4b12)d13 +

[=2a,,by, + (304 + ay,by3) = (ay,by + ay3b,))d, = 0.

This system of equations can be solved, for
example, if 1,70 and (@ 2013—a13b12)#0. Then we can
express as4, dsa, dag through other variables. The ob-
tained systems for such coordinates are linear, that is

why their solutions are rational functions of the rest of
the components. Final expressions are too cumber-
some to be presented here.

Only in Cases 3(b), 3(c), 3(d) there exist 6-vertex
solutions, in contrast to the solutions over the nu-
merical field in which only 5-vertex solutions are
possible (Hietarinta, 1992; 1993).

REGULAR YANG-BAXTER EQUATION SOLU-
TIONS

In (Duplij and Sadovnikov, 2002) set-theoretical
(Drinfeld, 1992; Etingof et al., 1999; Gu, 1997)
regular (according to von Neumann) solutions for
Yang-Baxter equation were found. The consideration
of similar solutions for 6-vertex R-matrix is interest-
ing. Let us remind that matrix R is regular (von Neu-
mann), if there such that
RRR = R,RRR = R (Penrose, 1955; Rao and Mitra,
1971; Clifford and Preston, 1972). Such R-matrices
appeared during the study of weak Hopf algebras (Li
and Duplij, 2002; Duplij and Li, 2001a; 2001b).
Properties of regular supermatrices were considered
in (Duplij, 2000; Duplij and Kotulskaja, 2002).

For 6-vertex R-matrix we will use, instead of the
“reversibility” condition

exists matrix R

R*R=R R*'=id, (72)

which is called the unitarity in (Etingof et al., 1997;
1999), the Von Neumann regularity in the form

RRR = R, R”"RR” = R*, (73)
where
p
521 - b oa -
R= (74)
q

Notice that non-unitary [with violation Eq.(72)]
set-theoretical solutions to Yang-Baxter equation of
another form were considered in (Lu et al., 2000;
Soloviev, 2002).

Substitution of Eq.(74) into Eq.(73) gives limi-
tations, on the condition of regularity on the elements
of 6-vertex R-matrix Eq.(26)



1078 Duplij et al. / J Zhejiang Univ SCI 2005 6A(10):1065-1079

P =pq=q
(ab+bd)d +(a’ +cb)b=b,
(ab+bd)c+(a” +ch)a=a,
(ch+d*)d +(ca+dc)b=d,
(ch+d*)c+(ca+dc)a=c.
(75)

The analysis shows that regular noninvertible
solutions (satisfying R*' R#id) can appear in cases: (1)
under a==*1, p and g are simultaneously not equal to a;
2(a) under d=+1, a=0, bc=0, p={0, 1}, g={0, £1}.
For example, for a particular case from Case 1 we
have

a 00 0 a 00 0
R=|0 0 @ O g [0 0 @ 0]

0 a 00 0 a 00
0000 0000
00 0 0

|0 & o o] |

RR L |#id (76)
0 0 & 0
00 0 0

but regularity Eq.(73) is fulfilled. In a particular case
from Case 2(a) we get

RY =

S O O -
S O o O
S &= O
- o o O
S O O
S = > O
S o6 O O
- o o O

RR” = (77)

(= =
S &= O
S O o O
- o o O

and regularity Eq.(73) is fulfilled.

Thus, we presented the classification of constant
6-vertex Yang-Baxter equation solutions. Concrete
examples were given for Cases 2, 3, 4 of Grassmann
algebra elements and the corresponding analysis was
done. The obtained solutions can be used for super-
symmetric quantum group generalizations and quan-
tum computations.
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